Abstract The three-dimensional instability of an electrically conducting fluid between two parallel plates affected by an imposed transversal magnetic field is numerically investigated by a Chebyshev collocation method. The QZ method is utilized to obtain neutral curves of the linear instability. The details of instability are analyzed by solving the generalized Orr-Sommerfeld equation. The critical Reynolds number Rec, the stream-wise and span-wise critical wave numbers αc and βc are obtained for a wide range of Hartmann number Ha. The effects of Lorentz force and span-wise perturbation on three-dimensional instability are investigated. The results show that magnetic field would suppress the instability and critical Reynolds number tends to be larger than that for two-dimensional instability.
Introduction
Liquid metal magnetohydrodynamic (MHD) flows have been an important topic for the self-coolant fusion reactor blanket [1] . The effect of a constant uniform magnetic field on turbulent motion of electrically conducting fluids is a subject of growing interest. The reasons are that instability of electrically conducting fluid flows may result in undesired intensive turbulent fluctuation. Examples are the continuous casting of steel, liquid metal cooling blankets for fusion reactors, or semiconductor crystal growth. It was shown analytically [2∼4] , experimentally [5∼7] , and numerically [8∼10] that the primary mechanism of this suppression is the Joule dissipation due to induced electric currents.
Many investigations for the stability of electrically conducting non-Newtonian fluids in a magnetic field have been made for plane Poiseuille flow (MARTIN-SON et al. [9] ; RAY et al. [10] and SIMKHOVICH [11] ). The rate of growth or decay of disturbance in any of its components, e.g. velocity, pressure, temperature, or magnetic field is caused by the instability of the fluid system. The research of MULLER & BUH-LER [12] explained that external magnetic fields may have the principle effect on the stability of a particular primary flow in two ways, one by changing the velocity distribution of the primary flow and the other by increasing the damping of fluctuations in the unstable flow by additional Joule dissipation j 2 /σ (j is the induction current and σ is the electrical conductivity) caused by electric current. The effects of the transverse magnetic field on the stability of an electrically conducting fluid between infinite parallel plates were also studied by LOCK [13] . He found that transverse magnetic field has a much greater effect than parallel magnetic field on the stability of Poiseuille flow. KAKUTANI [14] simplified the governing equations and neglected the interaction of the velocity and the magnetic field perturbation, under the assumption that the Reynolds number is not large for most electrically conducting fluid. He applied the method of asymptotic expansions for solving the stability equations for various values of Hartmann number. Although there are exceptional cases, disturbance of one component usually causes the disturbances in others. LIN [15] thought the linear instability of magnetohydrodynamics has been one of the most intensively studied hydrodynamic problems, since it was thought to hold clues to the nature of turbulence. DUHLBURG [16] studied the viscous, resistive magnetohydrodynamic stability. It was found that instability was associated with inflection points in the current profile, though no general analytical proof has been given. The linear stability analysis of Poiseuille-Rayleigh-Benard flows for binary fluids with Soret effect was investigated by HU [17] for much larger Reynolds number range by use of a pseudospectral collocation method. Two-dimensional MHD channel flows have been extensively studied by numerical simulation. The temporal linear stability analysis was invoked by TAGHAVI [18] to trace the time evolution of an infinitesimal, two-dimensional disturbance imposed on the basic flow. Two dimensional flows of an electrically conducting fluid under the influence of applied magnetic field was considered by BUHLER [19] and MULLER [20] to investigate the instability of two-dimensional flows. It was found that once the flow becomes unstable, it will first exhibit a regular time periodic vortex pattern which is rearranged further downstream then an elongation, pairing, or sometimes more complex merging of vortices can be observed later. S. KADDECHE, D. HENRY and H. Ben HADID
[21∼24] did a series of research on the linear stability analysis of electrically conducting fluid affected by constant magnetic field. They investigated the stabilizing effects by constant vertical magnetic field or horizontal magnetic field on the flow in a heated planar liquid metal layer and found that the transverse field only affects the longitudinal instabilities and the longitudinal field the transverse instabilities. They also investigated the stabilization of the buoyant convection between infinite horizontal walls with a horizontal temperature gradient by a constant magnetic field (vertical or horizontal). It was found that the magnetic stabilization mainly concerns the two-dimensional modes in the longitudinal field and the three-dimensional modes in the transverse field. M. JÉDIDI [25] considered the effect of a transverse magnetic field on the three-dimensional instabilities of Hartmann flow by using Chebyshev-tau method and showed that the magnetic field has a stabilizing effect on both two-and three-dimensional instabilities occurring in the Hartmann flow. VOROBEV and ZIKANOV (2007) [26] investigated linear instability and transition to turbulence on a free shear layer affected by a parallel magnetic field. Linear stability of Hunt's flow in a square duct was analyzed numerically by PRIEDE, ALEKSANDROVA and MOLOKOV (2010) [27] . They (2012) [28] also investigated the linear stability of MHD flow in a perfectly conducting rectangular duct.
In this work, we are going to investigate magnetohydrodynamic instability of plane Poiseuille flow. The flow is bounded by parallel walls of a flat channel (as seen in Fig. 1 ). We report numerical solutions of the MHD flow of the Orr-Sommerfeld equation, using a Chebyshev collocation method. An eigenvalue problem is obtained in the course of analysis which will be solved numerically by using the QZ method. The effects of magnetic field are analyzed in detail. The results of detailed analysis of the linear instability are obtained. The physical features of pertinent parameters of interest are discussed through graphs. From analyses of the solutions, it was found that the magnetic field stabilizes the basic flow because of the additional suppression of the growing perturbation by the Joule dissipation. The perturbation in the span-wise direction has a little influence on the instability.
Mathematical formulation
The three-dimensional magnetohydrodynamic instability is considered for an electrically conducting, incompressible, fully-developed, viscous fluid in Poiseuille flow under a transverse magnetic field. The flow is taking place in the y-direction with the x-axis being the direction of the velocity gradient. The fluid is bounded between two parallel plates separated by distance 2L. The magnetic field is assumed to be uniform and acting in the x-direction as shown in Fig. 1 . The flow of an electrically conducting fluid is assumed to be inductionless. The velocity distribution of the flow is governed by the Navier-Stokes equation in non-dimensional form.
Equation of mass
Equation of momentum
Here j ×x is the electromagnetic body force involving the induced electric current. j is governed by Ohm's law
and charge equation The problem is characterized by two independent dimensionless parameters: the Reynolds number Re = V L/v and the interaction parameter N = σLB 2 /ρV . The parameter Re represents the ratio of inertia and viscous effects and the interaction parameter N , also known as the Stuart number, the ratio between electromagnetic and inertia forces. Ha stands for a nondimensional quantity B 0 h σ/µ = √ N Re called the Hartmann number, which depends only on the strength of magnetic field, the nature of the fluid and the width of the channel, and not on the flow velocity. v is kinematic viscosity.
No-slip condition is satisfied for the velocity at the planes and the planes are assumed to be electrically insulating. Boundary conditions for the system under consideration are ∂u ∂x
Here v = (u, v, w) , j = (j x , j y , j z ), φ and p represent the three-dimensional velocity vector, current density, electric potential and pressure, scaled with a characteristic velocity V , σV B, V LB and ρV 2 respectively. The operators are represented as ∇ = (∂ x , ∂ y , ∂ z ). The material properties σ and ρ are the electrical conductivity and density of the fluid, respectively. B is the magnitude of constant and uniform magnetic field in the x-direction.
Linear instability analysis
The disturbance of three-dimensional Poiseuille flow can be decomposed as a linear expansion and the perturbation quantities are u = u , ν =ν + ν , w = w , φ = φ and p = p . After substituting (u, ν, p, φ) into Eqs. (1)∼(4), the linear equations with respect to the perturbations are obtained
where characteristic magnitude of velocity can be used as
The perturbation quantities can further be expanded into normal modes
where α and γ are real wave numbers in the longitudinal y and the span-wise z directions, respectively, and ω = ω r + iω i is a complex phase velocity which represents the temporal variation manner of the disturbance waves. The imaginary part ω i represents an amplification rate and the real part ω r an oscillation frequency. Substituting them into the governing system (6) ∼ (10), we obtain the linear stability equations expressed in primitive variables
where the derivative d/dx is abbreviated to D. The linear stability Eqs. (13a)∼(13d) are reduced to
Eliminating p from Eq. (14a)∼(14c) by using Eq. (13a), we obtain
where
. By solving Eq. (15a) and (15b), the non-dimensional generalized Orr-Sommerfeld becomes
Hereû is the x-component of the perturbation velocity,
is the wave number. According to Squire's theorem [29] , for Newtonian fluid flow, two-dimensional waves are usually found to be more unstable than three-dimensional waves. Squire transformation has also been verified for both the Oldroyd-B fluid [30] and the electrically conducting fluid [18, 31] . Here, we define the oblique angle θ = cos −1 (α/k) as the angle between the direction of the wave propagation and the basic flow. The Eq. (16) can be rewritten as
Hereû is the disturbance velocity in the x direction. The corresponding linear boundary conditions are reduced toû
The linear stability Eqs. (17) and (18) are ordinary differential equations in terms of which can be regarded as a two-point boundary value problem. If there exist nontrivial solutions for the equations, the solution of the problem can be expressed as a dispersion relation between the parameters Γ (α, β, ω, Re, N ) = 0.
The Eq. (19) is the same for any angle θ. It is impossible to find an explicit analytical dispersion relation if there is no further simplification. The dispersion relation has to be obtained numerically. The pseudo spectral Chebyshev method is used to discretize the eigenvalue problem in this paper.
Method of solution
The problem posed by instability Eq. (17) with boundary condition (18) was solved by using the spectral collocation method [32] . The basic idea in the spectral method is to assume that the unknown function can be approximated by a sum of N 1 +1 base functions. Although many researchers have taken advantage of the idea of ORSZAG [33] , we choose a different expansion form for all-order derivatives of the polynomials which is much simpler than that of ORSZAG and can efficiently reduce spurious eigenvalues. The expansion of the eigenfunctionû(x) in the above problem in a Chebyshev polynomial can be written as
Here T n (x) is the nth Chebyshev polynomial of the first kind. a n is the expansion coefficient, where the coefficients should be determined in such a way that the error (which normally arises when these relationships are substituted into the governing differential equation) is minimized. T nj , . . . , T
nj represent the first-order to fourth-order derivatives of the Chebyshev polynomials. The collocation points used in this work are the GaussLobatto points defined by SHEN & TANG [32] x i = cos j π
By substituting the above relationships into the stability Eq. (17) , it can be expressed as
The new non-dimensional parameters are Re = (α/k) Re, Ha = (α/k) Ha and ω = ω/α. The equation satisfied by the expansion coefficients X = (a 0 , a 1 , . .., a n ) is obtained as
where a 1 , a 3 , ..., a n ) is the transpose of the column vector X. A and B are (N 1 + 1) × (N 1 + 1) square matrices.
As is customary for this type of stability problem, either the global or local method is based on the QZ algorithm [34, 35] . The global method may be used to identify the eigenvalue with the largest imaginary part. The local method employs inverse Rayleigh iteration [34] and converges to the eigenvalues (and their associated eigenfunctions) closest to the initial guess. To achieve the required level of accuracy, the number of collocation points used for obtaining these results was set at N 1 = 100. The generalized eigenvalue problem (23) is solved numerically using the QZ method.
Results and discussion
In this work, the code is developed to calculate the neutral stability curves for plane Poiseuille flow of an MHD fluid for all the cases with different parameters. The critical Reynolds number Re c and the critical wave number k c are obtained from the numerical simulation. The critical Reynolds number Re c is defined as the minimum Re occurring over all k and ω at which a neutral mode with ω i = 0 is observed. The primary flow direction is in the y-independent with θ = 0. z-independent modes with θ = π/2 do not generate any Lorentz forces at all.
The Chebyshev spectral method was adopted to search for general complex eigenvalues. The results of calculations are presented in the following figures. Fig. 2(a) and (b) illustrate somewhat different behavior of ω i and k for fixed value of Ha = 1 under different values of θ. The typical dependence of ω and k on θ for the three dimensional disturbances is shown. When the oblique angle is smaller than 0.04π, the growth rate changes slowly with the wave number within 0 < k ≤ 1. The growth rates have substantial ranges as the oblique angle θ increases. It is shown in Fig. 2(a) that the curves giving the temporal growth rates present one positive maximum and one negative minimum which vary as θ ≥ 0.06π. The positive maximum implies that there always exists a range of small k where the flow is unstable. Fig. 2(b) shows that the growth rates decline with increasing when the wave number is small (0 < k <0.3). Fig.2 (a) Growth rate of ω vs. wave number k for different θ, (b) Zoom of (a) to small values of k for Ha=1 and Re=19240 Fig. 3(a) and (b) depict the growth rate of ω i vs. k for several values of Ha. It is observed that even a moderate magnetic field suppresses the growth and reduces the range of unstable wave numbers. There always exists a range of small k where the flow is unstable. The figure indicates that the curves giving the temporal growth rate present two maxima which vary as Ha is changed. The maximum in the long wave region determines a critical Reynolds number for Ha=3.0 which occurs near 0.5 wave number with a zero rate, whereas the other maximum determines a critical Hartmann number near Ha= 0.1 which occurs at moderate wave number near k = 0.76 with a small rate. It means that there are two critical Reynolds numbers above which the flow system is linearly unstable. The curves in Fig. 3 present the strong stabilizing effect of the magnetic field on the three-dimensional perturbations.
In Fig. 4 , we plot neutral curves for Ha = 1 and different θ values. The curves indicate that the critical Reynolds numbers increase and the unstable zones get smaller as the oblique angle increases. The velocity perturbation in the z direction has a little influence on instability. Temporal growth rate as function of Reynolds number for increasing Hartmann number from Ha = 0.0 ∼ 3.5, is drawn in Fig. 5(a) . The frequencies have one local maximum for different magnetic fields. Weaker magnitude field will lead to smaller critical Re. The growth rate of perturbation is smaller when the magnitude of the magnetic field is stronger. There is a region of Reynolds number in which the perturbation growth rate is greater than zero for Ha = 0.0 ∼ 2.0. The region indicates the instability of flow. The fastest growth rate keeps rising continuously and being smaller than 0 for Ha = 2.5 ∼ 3.5 when Re is smaller than 40000, which means that flow is always stable. Temporal growth rate as function of Hartmann number for increasing Reynolds number Re = 14240 ∼ 28240 is drawn in Fig. 5(b) . All the curves in Fig. 5(b) display that larger Reynolds numbers correspond to a faster growth rate when the magnitude of magnetic field is fixed. When the Hartmann number is smaller, the perturbation with larger Re flow would grow very rapidly. Fig. 5(b) indicates that there is a minimum growth rate for fixed Re value. That implies that larger Ha number leads to a slower growth rate when Ha is smaller than a certain specific value, and then the growth rate increases with an increase in magnitude of magnetic field when Ha number exceeds the specific point. The transversal magnetic field plays an important role in the instability.
In Fig. 6(a) , the corresponding oblique angle θ is illustrated as a function of Reynolds number for different values of Hartmann number. Fig. 6(a) shows that the critical Reynolds number increases very quickly with a slight increase of oblique angle.
The relation of the oblique angle and Hartmann number for several Reynolds numbers is shown in Fig. 6(b) . The critical Reynolds number will increase when the magnetic field is stronger. The critical Re rises as the oblique angle is bigger under the same magnetic field. Although the spanwise disturbance plays a less significant role for instability of three-dimensional flow than the streamwise disturbance does, it may still strengthen the stability for smaller Hartmann number from 0 to 1.3. The curves in Fig. 7(a) represent the stability threshold at distinct values of the wave number k and Re. The points inside the curve for fixed Ha represent unstable disturbances and the points outside represent stable disturbances. For Hartmann number Ha ≈1.0, stream-wise wave number a ≈ 0.5 and span-wise wave number β ≈ 0.5, the maximum exponential growth rates of plane Poiseuille flow is achieved at ω i ≈ 0.0001 with Reynolds number Re ≈ 19240. It is evident from Fig. 7(a) that the critical Reynolds number Re c increases with increasing magnetic parameter Ha. In this figure the left neutral stability curve is locally a parabola with minimum Re c . The flow will be stable against perturbations of any wave number if Re becomes smaller than a critical value. The critical wave number k c corresponds to Re c . Our results are similar to those of LOCK [13] and TAKASHIMA [36] . With the increase of Hartmann number, the unstable area is getting smaller. For high Reynolds number the upper and lower branches of the neutral curve do not asymptotically close, i.e. even in the limit of infinite Reynolds number there exists instability. It is observed in Fig. 7(b) that the unstable region is surrounded by the neutral stability curve while the region outside stands for stable state. The transversal magnetic field could stabilize the flow of electrical conducting fluid. So when the flow of electrically conducting fluid is unstable, it is possible to stabilize it by imposing an external transverse magnetic field and gradually increasing the strength of the magnetic field. This method may be used for flow-controlling. The neutral curves of temporal instability for streamwise perturbations are plotted in the Re-Ha parameter space in Fig. 8 for k = 1 and θ = 0.328. As shown in the figure, the stable regions and unstable regions were separated by two lines when particular wave number is k = 1.0. Region B between the two lines represents that the flow is unstable, while in external regions (A and C) it is stable. It means that perturbations with a specific wave number will grow in area B between the two neutral lines and will decline in region A and C. 
Conclusions
Considering MHD effects, the three dimensional linear instability of Poiseuille flow subjected to a transversal uniform magnetic field is analyzed for a large Reynolds number range by the pseudo spectral collocation method. The coupling effects of Hartmann number (Lorentz force), Reynolds number, span-wise perturbation and wave number are investigated in this paper. Detailed analysis of the linear instability is provided. The following conclusions could be made:
a. Stronger magnetic field will make the unstable regions smaller;
b. The growth rate will rise as Re number increases, which makes the flow lose stability; c. A magnetic field normal to the direction of primary basic flow would interact with the basic flow to generate Lorentz force, which tends to eliminate the velocity gradient along the y-direction and suppress the perturbation;
d. The magnetic field suppresses the growth of perturbation for different wave number;
e. The perturbation in the span-wise direction has a little effect, which raises the critical values for different Hartmann number.
